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ABSTRACT
We provide two new proofs of the identity

el . fad (1_£3n)3
7;)5(3n+1)m ~nl_=[1————(1_$n)

where d(n) = di(n) — d2(n) and d;(n) is the number of divisors of n
congruent to imod3. Furthermore, we express the number of solutions
of the Diophantine equation 2 + 3y? = N in terms of §(N).

1. Introduction
The theory of theta functions with characteristics

!

14
o[2] = S ememGlve v ) (40 (e )
Nezs

defined for ¢ € CY, 7 a symmetric g X g matrix with positive definite imaginary
part and ¢, ¢’ vectors in RY, plays a central role in the theory of abelian varieties,
compact Riemann surfaces and, when g = 1, combinatorial number theory.
As a function of ¢ with 7 fixed, they are the bulding blocks of the theory
of multiply periodic functions and, as a function of 7 (usually with { = 0),
the building blocks of the theory of modular forms. The modular theory (7-
theory), especially when g > 1, is deeply elegant and useful and is much more
difficult than the (-theory. Many combinatorial number theoretic properties
can be deduced from identities whose proofs are very simple after appealing to
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the theory of modular forms. Sometimes, these proofs do not give any insight
into the question but sometimes they do. Since the (-theory is much more
elementary, it seems reasonable to ask whether the theory of modular forms is
really necessary in a particular problem or can one get the result from (-theory.

In the book [FK], these theories are exposed in an attempt to show that there
is a general theory which handles questions in combinatorial number theory.
The reader is advised to consult this book and the literature references cited
there. In [F1] it was shown that by defining

d(n) = di(n) — dy(n)

where d;(n) is the number of divisors of n congruent to ¢mod3, one gets a
relation between the multiplicative function §(n) and the function o(n), where
o(n) is the sum of the divisors of n. As a consequence the identity

00

> o3n+2) (Z&(3n+1 )

n=0
is proven.
In this paper we give new proofs of the result

o 00 (1 _ an)B
6(3n+ 1Dz™ = —_—

7;) (Bn+ 1z };Il =D
One of our proofs will use an identity which requires the modular theory. We
present this identity because we feel it is natural and pretty. The second proof
we offer uses neither this identity nor any modular considerations. We think this
is worth showing in its own right, but more importantly it shows how techniques
of Godin can be used to solve problems of this sort as well as the solution to
the Diophantine equation given at the end of the paper.

Eta-products and eta-quotients 5" (N7)/n(7) have been considered by many
authors. See [DKK] and [M], for example, and [BB] or [S] for other proofs of
this identity.

We consider in detail the case N = 3. In the variable z = exp(2mir) we have

3n)3

37‘) 1/3H 1—117

= g(z).

In order to have a better picture of this function we begin by changing variables
and let z = y®, so that in the variable y we have

77 (37) H (1 - Zg st 1ysn+1
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It thus follows that

rp —-2*")°
H 1—1:" Zganﬂﬂ?

n=1

If one computes g3,41 for the first few values of n we see that
gl:la g4:17 97:‘27 91020, 913:27 916:17

so that one begins to suspect that gs,41 = 6(3n + 1).

2. A related function

In order to get a grip on the coefficients we are seeking, we define in this section
a new function [[°2, (1 —2™)%/(1 — 2®") (see Table I in [M]). Let us denote

n=1
this function by f(z). In this section we compute the power series coefficients

of f(z) and write
o0
z)=1-3 Z faz™
n=1
LEMMA 1: If m > 0 is an integer, then fsmi1 = gam+1 and fz, = —25(m).

Proof:  'We begin by recalling Jacobi’s identity

[T -2 = Y (-0 k + 1"
n=1 k=0

It is clear from the identity that

S (=1 (2n + 1)a:n—22ﬂ'
H;L.ozl(l — x3n)

By summing on congruence classes mod 3, the numerator of the above fraction

flz) =

is easily seen to be equal to

x 2 o0 2
D (1M En+ 1)z 4+ 3 (1) (b + )
n=0 n=
o0
+ 3 (=)™ (6n + BT,
n=0

which we shall rewrite as

(o8] 2 " o0 "2 "
~32 Y (-1)"@n+ 1)z* 7 + 3 (=1)"(6n + 1)z

n=0 n=0

2 n
+Z "(6n + 5)z

=0
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The last sum can be rewritten as

x 9n2415n46 X 9n2_3n
Y (DM6n+5)z 2 = ()" en—1)z =

n=0 n=1
e 9n2+3n
= 3 (-1)"(6n + D2,
n=-—1
hence the expression for f(z) now becomes
2
o (1 —2°)3 ®  (=1)"(6n + 1)z3*F"
f(.%‘) =3z H ( - 3n) Zn—_oo( °°) ( 3n)
41—z [T, (1—a3)

Now we use the following formula, which was proved in [F1]:

1
' ( 17') s
Z_[[g]](o% = 2mi (% + ;J(n)y")

Expanding the numerator of the left-hand side in series and using the Jacobi
triple product formula for the denominator, we get

3n24n

Z;.Loz—oo(_l)n(tsn + 1):‘/ 2
H;o=1(1 -y")

o0

=1+6Y d(n)y™
n=1

After replacing y by ¢ = z® in the last equality, we finally obtain

flz)=-3 Z Ganp1 2" +1+6 Z 5(n)z®™.

n=0 n=1

It is obvious from this last representation that we may write

flz)=1- 3anx"
n=1

in the form we suggested at the beginning of the section. This concludes the
proof of the lemma. |
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3. Relationships to the o-function

In this section we shall give the modular proof of the assertion that 6(3n+1) =
gan+1- In [F2], the following identity is proven:

e 1 — £97)3(1 — )3 o
T H ( zvl —)30(3")2x ) = Z o(3n+ )23 — 5(3n 4 2)23"+2,
n=1 n=0

The left-hand side of this identity is nothing else but

110 = (S ) (1= 37 o).

If we define g3, = 0, gzny2 = 0, A3p, = 0, Azpp1 = 0(3n + 1), Aspy2 =
—0(3n + 2), we have

(i gnx") <1 -3 i fﬂ:”) = i Apz™
n=0 n=1 n=0
and clearly

n—1
A, =-3 Z Ik fn—k + gn-
k=0

Since we know A,, we have some interesting equations relating f,, and g,,.

Consider first the case where n is congruent to 0mod 3. The equation for A,
yields

n—1
0= Z Gk frn—k-
k=0

Since g vanishes when & is congruent to either 0 or 2mod 3, the sum runs only
over those k which are congruent to 1 mod3. In this case, however, since n is
congruent to O0mod 3, n — k is congruent to 2mod 3 and thus f,_; = 0. Hence
there is no information in this case.

Consider now the case n congruent to 2mod 3. The equation for A, now
yields

n—1
—O'(Tl) =-3 Z gkfn—k'
k=0

The sum still only runs over those k congruent to 1 mod 3 and we get

I=j

o(3j+2)=3 Zg3l+1f3(j—l)+1-
=0
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However, we already know that fs(;_)+1 = g3(j_1)4+1 S0 we can write the identity

=3

0(3j+2)=3 Z 9314+193(j—1)+1-
1=0

THEOREM 1:
m(=v"° _ <
3y2 H m = Z 0'(3k -+ 2)y3k+2.
oo (I—yPm)? e

Proof: The formula preceding the statement of the theorem without the 3 is
precisely the expression for the coefficients of the power series of the function
0 2
(1-y")?
F0d) = (v]] 5=+
n=1 1- y

and this is the theorem. |
THEOREM 2: For every n € Z, gsn41 = 6(3n+1).

Proof: The identity of Theorem 2 can, of course, be rewritten as

o0 _ 3033\ 2 oo
3<Zn=l (il%ﬂ)) = Zkzod(?ﬂ'ﬁ +2)z*.

In [F1] it was shown that the right-hand side is equal to 3(}_ oo ,6(3n + 1)z")*

and therefore
o0

(1— a3 oo n
H - x" Zn=15(3n + 1)z
which, by the very deﬁmtlon of g3n4+1, proves the theorem. |

Let us now combine the identity at the beginning of this section with Theorem
2:

H (1 _ xQn)ﬁ H (1 _ 9n)3(1 — gf;'ﬂ)3 _ io‘(:‘;k n 1)1_3&-%-1'
k=0

1 — .7?3"’)2
After factoring out

H““” = 4(@%),

we obtain from our representation of f(z) that

o

( Z 93n+1z3"+1> (1 +6 Z 6(n)z3"> = E o(3k + 1)z3%+1,
n=0 n=1 k=0
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More compactly, we have

i(o(3n +1) = gany )2t = 6( i ggn+1)x3n+1> (g:l 5(n)x3") .

n=0 n=0

The formula for the coefficients now yields the same result we would have
obtained from the expression for A,, when n is congruent to 1 mod 3:

n—1
Asny1 =0(@Bn+1)=03n+1) + 6Zj_06(3j +1)6(n — 7).

4. An alternative proof

In view of our remarks on proofs which use modularity and those which do
not, we give in this section a non-modular proof. The reader should not infer
from this that we prefer non-modular proofs but rather that we are interested
in knowing that one exists when it does. Moreover, we shall see that the added
effort in this case is worthwhile, since the computations also provide a solution
to a problem of quite a different sort at the end of the paper. The following
formula for the product of three theta functions has been derived without any
modular considerations ([G]):

o[t 0me| 2] 08| 3] 0n =

1 2 3
2pterter 2vter—egateg 6u—4v+e; —e2—2¢3

2 3
> 9[ Iy ](0,27)9[6, 6,2+€,3](0,3T)(9[ ¢ — e 2 ](0,67’).

0<u<1 2 1
0<v<2

If we substitute here e; = —%, €2 = 1, e3 = —, €] = €} = €; = 1, we obtain
after some routine theta-algebra

=0 [(1)] (0,27)(6 [é] (0,67) — 6 l ] (0,67))

+6 [8] (0,2r)(6 [g] (0,67) - [

1

63 h] (0,7)
[Hom

O Wl

O win

} (o, 67)) :

The left-hand side is

0 _,m\3 0
T2 sy =1-3% s
n=1
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The power series version of the right-hand side of this identity is

oQ 2 X 2 o0 2
T g +n)< T gememes _ § yom +3m+1)
n=—oo m=—00 m=—00
o0 2 [0 0] 2 [ 0] 2
+ Z y3n ( Z y9m _ Z me +6m+1>'
n=—o0 m=-—o00 m=—o0

We conclude that

* 3N+1
3§ N=0f3N+ly
0 00 ) oo
2 2 2 2
— Z y3(n +n) Z me +3m+1 + Z y3n Z ygm +6m+1

n=—oo m=—0o0 n=—0oo m=—0o0

am (0,2r)9 [é](o 67)+9[ ](o 2r)9 [%](o,ﬁf),
1- 3ZN=1f3Ny3

x o0 o0
- Z y3(n2+n) Z y9m2+9m+3+ Z y3n2 Z ygm2

n=—00 m=—oco n=-—oo m=—00

_e[ ](o 27)6 [oJ (o, 6T)+0[ ](o 27)0 [g] (0,67).

SECOND PROOF OF THEOREM 2. By summing on congruence classes modulo
3 in the definition of theta-functions, we get the following identities (see [FK],
p. 76):

0 [(1)] (0,27) = 26 [ ] (0,187) + 6 [(1)] (0,187),

9 [g] (0,27) = 29[

9 [(1) (0,27)8 [(1)] (0,67) +0 [8] (0,27)0 [8] (0,67)

-9 (0 [(1)] (0,67)8 [(15)] (0,187) + 8 m (0,67)8 [%] o, 187)>

+6 (1)] (0,67)6 [‘1)} (0,187) + 6 [8] (0,67)6 [8] (0,187),

Qwiv O wl=

] (0,187) +6 [g] (0,187).

Hence

ie.,

1= 32 f3Ny = 2(3ZN 0f3N+13/3(3N+1)) +1- 32 f3Ny
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By equating the coefficients of y3(3¥+1) on both sides we get

f33N+1) = —2fsn+1-

We know, however, that fan11 = gan+1 and fysn41) = —20(3N +1). Therefore
gsn+1 = 0(3N + 1), which is precisely Theorem 2. ]

5. §(N) and the partition function

In this section we derive a formula for the function §(n) in terms of the classical

partition function P(n).

THEOREM 3: For all N € Z we have

3k2+k<N
~— . 32+ k
(1) > CURP(N - =) =8,
keZ
324k <3N 41
P ' 3k +k
—1)* 1—
é (—1)"kP(3N + > )
(2) e
3tk oy
. k?
_ (~1)4(2k + 1)P(N -3 +’“),
2
k=0
324k g 2
7 — 3K+ k 0 if N # dmitm
(3) > ot - EH S0 VA T
keZ (—1) m IfNZT

Proof: The formula

Ef:—oo(_l)n(@n + l)y‘sﬂ—iﬂl‘ B oo i
[T (1—y7) =1+6 nE:jl 8(n)y

and the definition of the partition function yield

S 1 6n+ 1y S Pyt =146 s(n)y”.
n=0 n=1

n=-—0oo

Euler’s identity

e > 3n24n
(1-2™ = Z xz
n=1 n=-—0o0

yields

o]

o0

n2 n
Yo Pyt Y (-)mytE =1,
n=0

n=—oco
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so that we have
o0 3n2 " o0 o0
(2 com*s) (X pow) = X ot
n=—oo n=0 n=1
We now equate the coefficients of ¥V on both sides and get

3k22:tk <N

I;Z (~1)*kP(N - 3k 2+ k) = §(N),

which is (1).

Identity (2) follows immediately by combining (1) with the formula of gsp4+1 =
4(3n + 1) in the introduction.

The proof of (3) follows from the identity

>, 3n24n > ad 3u24n
oDty =) syt D (D" . .
n=—00 n=1 n=-—00

6. The Diophantine equation z°? + 3y? = N

The question of the number of solutions to the equation 2 + y2 = N is a
classical one, and the quantitative solution was given by Jacobi who proved
that the number of solutions was given by 4A(N), where A(N) is the non-
negative integer (d; (V) —ds(N)) where d;(N) represents the number of divisors
of N congruent to i mod4. In this setting a solution is given by a vector (m,n)
and different vectors correspond to different solutions. Hence the number of
solutions to 22 + y? = 1 is 4 and the solutions are (1,0),(-1,0),(0,1),(0 - 1).
In this section we consider a similar problem. We are interested in the number
of solutions to the equation 2 + 3y*> = N and will show that if §(N) is defined
by di(N) — d2(N), then the number of solutions is given by 26(N) when N is
odd and 65(N) when N is even. This is, of course, not a new result, but since
it follows from the techniques used here we present it.

LeMmMA 2: The following identity holds true:

%W —6 [(1)] (0,27) [(1)] (0,67) +0 [8] (0,27)6 [8] (0,67).

] (0,37)

—

— o
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Proof: Let us recall the identity immediately preceding the second proof of
Theorem 2 in Section 4:

1-3%" " lngy
Z y (n%+n) Z y9m +9m+3 + Z y i y9m2
n=-0co m=—00 n=-—o00 m=—00

coJoe o[ g o e

However, we know from Section 2 that fs3y = —26(N) and that

3 (0,7) o0
0_[[1]]—(37_) = 27ri(é + ;:: 5(n)y">.

Combining these three results proves the lemma. |

Pt CO{—

In order to proceed we are going to need two further identities: First, the
modular equation for k¥ = 3 (cf. Prop. IIL.5 in [G] for a proof that doesn’t use
modularity):

9[8] (o,r)om (0,37)=9[(1)] (0,7) m (©, 3T)+e[ ](0 .y [(1)] (0,37).

The second identity we need follows readily from the elementary formulae

(IFK], p. 77)
0 [8] 0,7) =6 [8] (o, 4T)+0[ ] (0, 47),
0 [(1)] 0,7) =0 [8] (0,47) — 9 [0] (0, 47).

We write these formulae once more with 37 substituted for 7, and multiply

o
-1}

(0,37) +o[ ]( T)em (0,37)

i
s oo o).

oo @O
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LEMMA 3:

Proof:

H. M. FARKAS AND Y. GODIN Isr. J. Math.
39 [g] (0,78 [8] (0,37)
=2 (9 [8] (0,47)8 [8] (0,127) + 6 [(1)] (0,47)0 [(1)] (0,127))
+6 [8] (0,7)8 [8] (0,37) + 6 [fll] (0,7)8 m (0,37).
30 [g] (0,7)8 [8] (0,37)
—26 [g] (0,76 [g} (0,37) — 6 m (0,70 [(1)] (0,37)
+6 [8 -

] (0,7)8 8] (0,3) +6 [(1)] (0,76 [(1)] (0,37)
0

- [8 (,r)a[gi (0,3T)+9m (0,7)6 m (0,37)
Joeg
] (0,47)8 [8} (0,127) + 6 [ (1)] (0,47)0 [ (1)] (0, 12T)>

+6 [ ] (0,7)6 8] 0,37 +6 || 0,70 [(1) (0,37).

] 0,37)+0| 5| @7 [é (0,3)

(The second equality is the modular equation and the last equality is the identity
immediately preceding the statement of the Lemma.) 1

We now replace 7 by 27 in Lemma 2 and substitute Lemma 1 twice (once as
is and once with 47 instead of 7):

THEOREM 4: We have the following identity valid for all points T in the upper
half plane:

o[usn o]

om0

— col=

0 ] (0,127)

i lg] (0,27) [o] (0,67) =

] L

] (0,127) '

The power series version of Theorem 6 immediately yields
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COROLLARY 1: The number of integer solutions to the equation

2 +3°=N
is 26(N) when N is odd and 66(N) when N is even.

It is perhaps interesting to note that the result of Corollary 1 is equivalent
to the following identity, which apparently goes back to Dirichlet as does the
result of Corollary 1 (cf. [H], sect. 12.4):

00 ) ) 00
Z gmotmntnt _q 6 Z s(n)t™.
m,n=—00 n=1
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